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ABSTRACT

Authors usually neglect the effect of Coulomb field in the
space of radius e‘z’/( 3kT/2) surrounding a charged particle, and
derive equations of the Fokker-Planck type from the Liouville
equation of a plasma. n-this-papas, the effect of the inner core
field, neglected usually, is shown to ;e present in an equation of
the Fokker~Planck type as an additional term which is similar to
the collision term in an equation of the Boltzmann type. It is shown
that the order of this additional term may easily be larger than those
of the friction and diffusion terms, the effect of the outer core field.
When the effect of the outer core field is larger than that of the inner
core field, the assumption of binary interaction is shown to be not

feasible, The possible nonlinear and non-Markovian behavior of a

particle is neglected.
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LIST OF MAIN SYMBOLS

friction
diffusion
electric charge of particle a

macroscopic electric force on particle a
one-particle distribution functions
two-particle distribution functions
Fap-FaFp

Debye length (the radius of the outer core field)
[see Eq. (2.4)]

mass of particle a

total number of particle a in volume V
N,/V

momentum of particle a

position vector of particle a

the radius of the inner core field ['see Eq.(Z.S)]
time

volume of the container
- L
n 3

potential energy between two particles a and b

iv



potential outside the outer core

potential inside the outer core

potential inside the inner core

the average period of correlation in the outer core
field [see Eq. (3.1)]

the average period of correlation in the inner core
field [see Eq. (3.2)]:



I. INTRODUCTION

We investigate the process of deriving the equation of the one-
particle distribution function of a plasma and show that it is convenient
to give the interaction term as the sum of the term of collision which
is characteristic of the Boltzmann equation and those of diffusion and
friction which are proper to the Fokker~Planck equation.

Usually authors (Refs. 1, 2 and 3) derive equations of the Fokker-
Planck type by assuming that the probability of a pair of particles
interacting with each other at distances shorter than ez/(3kT/2) is
negligibly small. The interaction outside this distance (and inside the
Debye length distance) is weak and of a fairly long correlation time.
Therefore, it is possible to expand the s-body function similarly to the
Mayer cluster expansion and the interaction in this outer core is con-«
veniently presented by the terms of friction and of diffusion. Here we
pose the question whether it is proper to neglect the effect of the inner
core of tne field.

According to the result in this paper, the effect of the inner
core field may easily be larger than those of the friction and diffusion
terms caused by the outer core field. The probability of the irme:: core
correlation is small. But the correlation itself is strong. Thus the

total effect may not be negligible.



With respect to the inner core field, usual methods of expanding
correlation functions similar to Mayer's cluster expansion may not be
readily applied, as the expansion may not converge. In this paper, we
present the effect of strong interaction of short correlation periods in
the inner core by ''collision'' and the weak interaction of long corre-
lation periods in the outer core by ''friction and diffusion.'" As a
result, the equation of a one-body function includes the ''collision"
term and '"friction and diffusion' terms. Unlike the case of neutral
particles, two particles immediately before a ''collision' by means of
the inner core field are correlated to each other due to the outer core
field. We note, however, that weak correlations in the outer core are
effective because of long correlation periods. These weak correlations
are not effective when we integrate them over short periods of inter-
actions in the inner core. In the short period of interaction in the
inner core, ounly the strong interaction developed in the inner core is
effective. Therefore we may neglect the history (or memory) formed
in the outer core, when we consider the interaction in the inner core.
This is our assumption which makes the present investigation possible,
In the future, we may consider the interaction between these two kinds
of correlations which are to be one, but now separated rather artificially.
Related to this point of the problem, we note that Tchen (Ref. 4) recently

investigated the interaction between the correlation caused by the outer



core field, and the effect of the macroscopic field caused by the macro-
scopic nonuniformity of a plasma. In this paper, these two kinds of

interactions are neglected as secondary effects.

II. ASSUMPTION OF BINARY CORRELATIONS

We consider a mixture of particles of different kinds and assume
that all the particles are electrically charged and that their interactions
are caused by Coulomb electrostatic force. The distribution function of
a single particle belonging to a group will be denoted by F_, Fb’ etc.
The binary correlation function for a pair of particles will be denoted
by Faps Fae, etc. By integrating the Liouville equation with respect
to the position and momentum coordinates (a', '3) of all the particles,

except for one, we obtain

d ron N aF — _
(o + e ) TS G - G o5, 0 -0
Here

(2.2)

and the summation %‘ is to be extended to all the particles except for

the one under consideration. For the equation of F_},, we obtain



9.5 o E..L-%.L_;m.i

(Gt me 3 * ™ e e 0, 0 o

.zﬁc/(iﬁg.ﬁfyg.,.ﬁém_._dfm_) o (23
c VJ/'dg, dp, Ou, LTA % %e

According to the results of Tchen's analysis (Ref. 1), we separate the

domain of /?l.a - qp / in three:

Domain I:

— - 4mr N 2 L
[9%-%] > Ly = (%’ b g

VkTo (2.4)
Domain II (Outer Core):
Lo2fag-qpl>R,, = i (2.5)
02 fig-3!> Rop (3kT /2
Domain IIl (Inner Core):
Rob 2 [T/ | (2.6)

Here 3kT/2 is the average energy of a particle. In Domain I, we may

write for F,, simply
The interaction of particles a and b is effective only when the

distribution is not spatially uniform. Of course, we neglect the weak



correlation introduced by the spatial nonuniformity which was considered

by Tchen recently (Ref.4). In Domain II, we write for F_

Fab= FaFb+ Fab’

F

abe = Fafoct FoFat i Fap=2Fa P P (2.8)

Fab/ Fafp<!

Because of Eq.(2.5), it is permissible to do so, as carefully studied
by Tchen (see Ref.l, Appendix A). In Domain I, however, any rapid
convergence of an expansion similar to Eq.(2.8) may not be expected.
Separating the domain of ‘the integration, with respect to a.b' we write

for Eq.(2.1)

d3,  Opq (2.9)

s No (9%, OFgp = o .
2V 0% e B FonO

Instead of separating the domain of integration with respect to 'q’b, it

might be convenient to separate the potential ¢ab into three parts as
shown in Fig. 1 (see following page). The singularities at the boundaries

of domains are simple and may not cause any serious difficulties in our



Fig. 1 ¢ap1 = Pab (19, - 9l
i3 - Gpt > LD

$ab11 = Pab ([T -Tbl) - Pab (LD)
/¢abm R € l‘la"Jbls Lp

$ab11 “Pab ([Ta -9bl) ~Pan(R)
T - ®l>R

mathematical treatment. Concerning Egq.(2.9), we may define the

macroscopic electric field by

E e Ly N/ b o -
Eq = F, day d3 (2.10)
a [T b Y] +1 dtd b YGp 99y

We write for Eq. (2.9)

Pa - 4
(-£—+Tn%+eafa'd?a-)ﬁ'¢
.y N [ | OFgh = 4=
{V 0T | om % (2.11)

N d OFab -
+IVLEGE A



Our further task is to obtain Fa'.b in Domain Iland F_, in
Domain III. The terms on the right-hand side of Eq. (2.3) may be
neglected if we assume that the nonlinear correlation is negligibly
small, After neglecting these terms, there remains no term of
integration with respect to ?;’b and 'p‘b. Therefore, it is possible to
write Eq.(2.3), separately in Domain II and III, as follows:

In Domain II,

0 , Pg, 0 _Odgqp . 0 _O%pg . O L Fl)e
(3%-+ "'ad‘+ 35 0n, 9 o Oy (Fafotfab)eO

By considering Eq. (2.1), we substitute

Z b
f dqa dabdpb
for
(?'_ +‘_% . T) Fo

in the above equation. We neglect the nonlinear terms which appear in

the equation after the substitution, and also %ﬂb dFab+ ng %’;ﬂ
03 dp

which, according to Tchen's study, is not significant so far as

Domain II is concerned. Therefore, for the equation to which F;b

is subject, we obtain

I R .
(df+'"a.3¢fa+mb dU JFab 212
_iézp_dfa_p+2ém._0€n_,= (2.12)

dde Opq 93, Opp °

Equation (2.12) is valid only in Domain II.



In Domain IIl, neglecting the nonlinear terms in Eq.(2.3), we

have
-—

d , P 9 , Po 0
(3r+ 7 F5a * ™ " 34,

) b O _Opba . 0 )Fp =0 (2.13)
da OPa Oab dpp /9P

III. CORRELATIONS

In Domain II, the average period of correlations is long, although

the correlations are weak.

L
D
T = Brr mR (3.1)

gives the order of the average period. In Domain 1lI, the average period

of correlations is short although the correlations are strong.

R (3.2)

Tm = 5i7m)

We assume that the ratio of two periods is sufficiently larger than unity.

. to 5, (3.3)
Tm k

-8-



Since the changes of variables in Domain Il during the period Tgp are

assumed to be negligibly small, we obtain

o3, on, (3.4)

! No Ofgp , Ofgb
+ X _— ¢ — dqy, dpp ds
Tm ey V dda Ba b

by averaging each term of Eq.(2.11) over Tpgr . Here, dashed
characters denote respectively the averages of the original functions

over 7y along the trajectories of concerned particles:
, @
Fa= [l-:, (t+3)ds

(i) The last term of the right-hand side of Eq.(3.4) may be
calculated by means of Eq.(2.3). Here we simply mention the elaborate
method by Kirkwood and Ross (Ref.5). They consider a phase space

transformation function k(2), Substituting

- -
Fp(a.0: t +3)=[k®(q,p/a10%8) £y laip’it)da’ dp’

for Fap in Eq.(2.3), we obtain the equation of K(Z). We do not repeat
their investigation in detail. However, we must remember that the
necessary assumptions by which the last term of Eq.(3.4) is reduced

to the collision integral are not precisely given in our case. The



correlation developed in Domain II does exist before the two particles
begin to interact in Domain III. As mentioned previously, however, we
assume that the correlation in Domain Il is weak and that its integral
over Tqg is not significant as compared with the integral of the strong
correlation newly developed in Domain III. This collision term may be
calculated by assuming that the potential between two particles is the
inner core potential as given in Fié. 1. The collision term thus obtained

is denoted by (%'&)co”

 Ofap > = 3.5
= da. do. d (3.5)
( rm/ Zv 03, Oba B WPp Is

(ii) By averaging each term of Eq.(2.12), over Tp , we obtain

(L+de. 2y Be. 25,

a' ma d-.a dqb
(3.6)
(9% 9 £, Opba b £
- * —y b a
dda kg d3b  Obp

Here, of course, we assume that in Domain II, the changes of functions
in T are small. By integrating the equation along the trajectories

of two particles, we obtain

t = ‘
F;,{,m‘/ TR Fol ds (3.7)
‘o

dae 0%, 2138,  OR

-]0-



The integrand is considered to be a function of G,(s), El.];,(s).

qb(s)=qb(f)-(?—s)pb/mb

: Ogp  OFab 4 Ogra  OFab
Since 24 oPg 0qb oPp

is neglected in Domain II, p, and
pp are considered invariants. Substituting Eq.(3.7), we obtain for the
first term of the right-hand side of Eq.(3.4),

t
Nb 0 0%bapls)= = -~ -
f dqa apa dpa [/ . da’a F(.J Fb ds de dpb

t-1

' dgpa  OFb ] .
+ %‘ d‘a [/ da I5 Fa dsd dd,, 4P,

Here ddbf (s) is neglected in the non-Markovian approximation.
a

Defining A and B by

- Y No/ Ogapt
AR (1) { Z n_aégl_[/%m ]dqbdpb» (3.8)

D %

BG("=§ - / ¢°" [ b ¢ F ds]dqb dbp (3.9)

the interaction in Domain Il is represented by

—— Af+5i5s ‘B Fa (3.10)
dbq 0P,0P4

“1l-



Summarizing the above results, the equation for F, is given by

4 .,% 0 .= 4 &
(d' " e T e g )Fe (3.11)

_(9Fa .0 = 2 ==
(dr coll. JiA fotoman B

In order to calculate A and -B.. Tchen uses the Fourier integral

representation of ¢_, and Fa:b:

%b(;) = 6, 6 / a7 exp (iv -G)Y (v)
‘o
(3.12)

- *q - &
Fap (@) =6, eb/ d exp (iv-q) Zyplv}
-0

Taking Maxwellian distributions for F, and Fy in the integraunds,

he investigated A and B in detail.

IV. EVALUATION OF INTERACTIONS

According to Eq.(3.8), we see that the order of A is
— 2 2
o[d] - () L (4.1)

Considering Eq.(3.11) as the basic equation, we may now examine the

relative effects of the terms on the right-hand side. That of B is

-12-



o [B] (—') a

Here ¢ is the average speed of particles

[}
¢ = (3kT/m)®

and we may take for the order of operator /¢

I
o[£ -
op (3kTm)%
Considering
2 . kT
LD = Zrne?

— 2—.
dA..Fa and 3 BF?.
dp dp 9p

we obtain for the orders of

O[Eap_fﬁ’]:o[—d%:-a.ﬁ’] (127) 7% *727_0‘

We may estimate the order of (d/df)cou. by

O[( ] TR%E n e n’
o1 /ooll T Ixtzm e mELy’

Making ratios of these values, we have

Oﬁd”a/dr)coui= 0[(‘9Fa/¢3')cou]
o[dI\’Fo/d'E] ofd"a‘f-'a/ab'f]

We interpret Eq.(4.8) as follows:

= 4mrn LD’

By putting

S=n"7%

-13-
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(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)



we have
(kT )£

Lo/8 = @r)en% (4.10)

From Egs.(2.5) and (4.5), we have

3 Y2

Lp - ?X {(kT)

R (4m)72e5 n'e (4.11)
It is easily shown that

Lp _ Lp ) 4.12

" AT (‘S*&) #-12)

§ _Ltp & Lp¥, 3 _ . /LD)?

% (R x 3 67:(5) (4.13)
or

i - f L
qu( R) log (6m)+ 2 !ag(-sa) (4.13a)

If we take Lp/§ 21, it is clear that 8/R >/ . When LD/S =1/,

we obtain from Eq.(4.10)
(4#)“3 n’/‘=(kr)"2 (4.14)
or
log,on = 310g,,T +5.04

(4.14a)

where n 1is in cm=? and T in °K. Equation (4.14a) is plotted in

-14-



Fig.2. I LD/S is extremely large, we may neglect completely the
effect of microscopic encounters and the equation is‘.of the Vlas:bv type.
When Lp/8 is fairly larger than unity, the interaction by the outer
core may be neglected and the equation is of the Boltzmann type. As
LD/® decreases, the friction and diffusion terms appear as suSsidiary
ones, Near LD/8 = | , the effect of the inner core (collision) dnd the
effect of the outer core (friction and diffusion) may be comparable to
each other. As LD/S decreases further, the collision term may be
negligible and the equation is of the Fokker-Planck type. At the same
time, the assumption of binary encounters becomes unplausible._ In

other words, when the equation of the Fokker-Planck type is plausible.

ob—1_ 1 |
15 16 17 18 19 20
10g, N

Fig. 2 nIs Given By Unit em™3 and T by °K In The Domain
Above The Line, LD/§ > I.



encounters are to be multiple (Ref. 3). In Fig.3, these various domains

are indicated schematically.

Q0T

log,gn

Fig. 3 log)gT - Iogwn Space ls Divided By Lines, laD/S zconstant,
In Four Domains.

The Equation Is:
(1) Of The Viasov Type When LD/B is Extremely Large;
(2} Of The Boltzmann Type, as L'D/8 Decreases;
{3) Of The Boltzmann Type + Fokker-Planck Type
(Binary), When L.D/3 Approaches To Unity;
(4) Of The Fokker-Planck Type (Multiple), As
1.D/8 Decreases Further,
in Domain (4), Encounters Are Multiple (More Than Binary).

V. CONCLUDING REMARKS

By the order analysis above, we see that the friction and diffusion
terms due to binary interactions have validity only as corrections to the
colligsion term of the Boltzmann equation. Within the limits of binary
interaction these Fokker-Planck terms by themselves appear to have no
region of validity. When the collision term of the Boltzmann type
becomes negligible compared to the long~range interactions, we must

consider multiple (more than binary) interactions.

-16-
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In calculating (—'a?a—)co“ (3.5), a particle which contributes

to this term is to have a velocity satisfying the condition that the

nearest distance between these colliding particles is shorter than R.

-17-
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